We propose a theory to predict the neck-in behaviour of polymer materials in the film casting process. To calculate the neck-in length, we employ the Dobroth-Erwin model 2) which assumes that the film deformation is planar in the central part, and uniaxial at the edge. We derive an equation for the edge line of the film and an expression for the neckin length. For Newtonian fluid, the neck-in length is shown to be given by L/ , where L is the length of the air gap. For viscoelastic fluid, the neck-in length depends on the draw ratio. As an example, the neck-in length is calculated for Maxwell model, and the result is compared with experimental data.
INTRODUCTION
Film casting process is a process commonly used to produce plastic films in industry. In our previous paper 1) , we reported experimental results of the flow profile in the film casting process and confirmed the Dobroth and Erwin's planaruniaxial model in the flow profile, namely that the flow comprises the two parts, the planar flow in the major part of a film and the uniaxial flow at the edge. 2) In this paper, we shall conduct theoretical analysis of the neck-in phenomenon using their model. Though Dobroth and Erwin's model has been known experimentally for a long time, it has not been used, as far as we know, for constructing a theory for the neck-in phenomenon. We shall derive an explicit equation for the neck-in length and compare the result with experiments. The neck-in phenomenon is caused by the contractive force of the planar part, σ p2 (x) = σ yy (x) − σ zz (x), which pulls the edge part towards the centre of the film.
THEORY

Modelling of the Molten Film
To analyse the system, we make the following assumptions: 1) Inertia and gravity are neglected because the Reynolds number of the system is very small (ca. 10 −2 for our previous experiments).
2) Surface tension is neglected as it has been shown to be negligible by Dobroth and Erwin. 2) 3) The die swell effect at the die exit is neglected: the die swell was observed in our experiment, but for simplicity, we ignore it in our analysis.
4) The temperature is assumed to be constant in the film. The temperature drop in the air gap region is about 15°C, but its effect is ignored in the present analysis as in the previous literature.
3-5)
Formulation
To see the effect of the contractive force σ p2 (x) of the planar part on the shape of the edge, we consider the edge element between x − ∆x/2 and x + ∆x/2 (see Fig.2 ). Let T(x) be the tension associated with the uniaxial flow at the edge. where θ(x) is the angle at x between the stretching direction and the direction of the tension T(x).
Let y(x) be the edge curve of the film, and y'(x) = dy/dx.
Then Eq.(1) can be written in the differential form:
Next, we consider the force balance at the cross section of the film with the plane
be the planar stress in the stretching direction. The force acting on the film cross section due to the planar part is written as In order to integrate Eq. (7), we need two boundary conditions:
1) The starting point of the edge line y is taken at the origin;
2) The edge line at the contact line on the chill roll is parallel to the stretching direction;
Under these boundary conditions, Eq. (7) can be integrated as follows.
On the left-hand side, the ratio between the first term and the second term is estimated as where σ u,0 is the initial stress at the edge part undergoing The neck-in length ξ can be obtained from
Notice that according to Eq.(13), ξ is independent of the width of the film 2W 0 . This is in accordance with experiments and computer simulation. 4) In the above analysis, we have expressed the stresses σ p1 and σ p2 as a function of x. The stresses can also be expressed as a function of the time t which is needed for the material point to reach the position x after it exits the die: t and x are related by where v p (x) is the velocity of the planar part at x, v p,0 the initial velocity (the velocity at the die exit), and p (t) the Hencky strain of planar deformation.
In the next section, we shall calculate Eq.(13) analytically for a Newtonian fluid and numerically for a viscoelastic fluid.
MODEL CALCULATION
A Newtonian Fluid
In the case of a Newtonian fluid, we can calculate the neckin length Eq.(13) analytically.
For planar deformation, σ p1 and σ p2 are given by where η 0 is the shear viscosity and p = d p (t)/dt the extension rate of the planar part. Therefore, the edge line of the film can be analytically obtained from Eq.(12) as follows.
The neck-in length ξ is then given by Thus, for a Newtonian fluid, ξ depends on L only; any other factors like the draw ratio, extrusion rate, or viscosity of the material are completely irrelevant.
As it has been shown in the previous paper, 1) the extension rate p in the planar part of the film is given by
The initial value p,0 is related to the zero shear viscosity η 0 as Also, the film velocity in the planar part is given as a function of either x or t as follows.
Maxwell Model
Next, we consider the the neck-in phenomenon for a where is the velocity gradient tensor and T its transpose.
For convenience of numerical calculation, we assume that there is a purely viscous stress contribution, and use the following constitutive equation.
For planar flow, the stresses σ p1 and σ p2 are given by (12)
(15) In all calculations shown below, η ∞ is set to 0.1η 0 . The value of η ∞ does not affect the results seriously as long as the stress arising from η ∞ is the small part of the total stress. We have checked this numerically.
The calculation is done as follows. We assume a certain value for σ p1,0 and integrate Eqs.(27) and (28) to obtain v L . The value of σ p1,0 is then adjusted by the shooting method so that v L /v 0 becomes equal to the given draw ratio D R . This method is exactly the same as that for the fibre spinning process. Deborah number dependence: In Fig.3 , the velocity profiles of the planar part of the film are shown for several Deborah numbers. D R is fixed at 10. It is seen that if D e is small, the velocity profile is similar to that of a Newtonian fluid, but as D e increases, it accelerates more quickly around the die exit. Among these flow profiles, the curve for D e = 0.5 is closest to the experimental curve reported in our previous paper. Thus, we choose D e = 0.5 in the following calculation. Draw ratio dependence: The draw ratio dependence of the velocity profile is shown in Fig.4 . It is observed from the figure that as D R increases, deviation from the Newtonian behaviour becomes apparent. This can be understood if we plot the velocity as a function of t, instead of x (Fig.5) . The end point of each curve in the figure corresponds to the moment at which the film element reaches the chill roll. From this figure, we see that the residence time is shorter than the relaxation time of the material. Therefore, the elastic behaviour of the fluid is important in the situation examined here. Figure 6 shows the edge lines of the molten film obtained by calculating Eq.(12). The solid line in the figure is the analytic solution for a Newtonian fluid, Eq.(16). It is seen that the curves at the die exit is almost perpendicular to the stretching direction. This is because the tension T 0 acting on the edge part is neglected in the present analysis. This indicates that in order to predict the edge line more precisely, we need to solve Eq.(10) without neglecting the edge tension. Figure 7 shows ξ plotted against L for several draw ratios. The solid line is the analytic solution for a Newtonian fluid. The initial film velocity v 0 was fixed at 100τ / h 0 . As it is seen in Fig.7 , the neck-in length of the Maxwell model is smaller than that of the Newtonian fluid, and decreases with increasing D R . The behaviour can be qualitatively understood as follows.
Neck-in length:
Let us assume that the flow is in the steady state (this is not true in our calculation, but we assume it since analytic solution is obtained in such a case).
Steady state planar stresses σ p1 and σ p2 of the Maxwell model are given as Hence, the edge line y can be calculated as follows.
Therefore, the neck-in length ξ is written by This result gives us the following insights on the behaviour of necking-in for a viscoelastic liquid:
1) The amount of the neck-in will be smaller than that for a Newtonian fluid since and τ in Eq.(32) are both positive quantities.
2) Among viscoelastic materials, ones having a long relaxation time will have a shorter neck-in length than those having a short relaxaton time, if the processing condition is the same.
3) For a given material, the neck-in length will decrease as the draw ratio increases because the extension rate increases in average as the draw ratio increases.
Comparison with Experiments
In order to compare our theory with experiment, we performed film casting experiments using four types of commercial polyethylenes, each of which having distinct polymer structures and molecular weight distributions (MWD) as shown in Table I LDPE is a low-density polyethylene having many long-chain branchings which cause a strong nonlinear rheological behaivour. As it is seen in Fig.8(d) , the characteristic relaxation time of LDPE is rather long, of order of 10 s. The experiments were carried out with a 650 mm-width, 0.8 mmopening die, which was kept heated to 190°C.
In Fig.9 , the neck-in length ξ of the analytic solution for a 
CONCLUSIONS
In this paper, we developed a theory to predict the neck-in behaviour of polymer materials in the film casting process. We 
